< 

00 



Oh' 



(N 



hep-th/ April 2008 



Ultraviolet behaviour of higher spin gauge field 
propagators and one loop mass renormalization 

Ruben Manvelyan ^^, Karapet Mkitchyan^ 
and Werner Riihl ^ 



Department of Physics 



00 

s; 

^S| , Erwin Schrodinger Strafle 

^ I Technical University of Kaiserslautern, Postfach 3049 

■ ' 67653 Kaiserslautern, Germany 



"f Yerevan Physics Institute 
Alikhanian Br. Str. 2, 0036 Yerevan, Armenia 

manvel , ruehlSphysik . uni-kl . de ; karapetSyerphi . am 



Abstract 



(3) ' The ultraviolet singular structure of the bulk-to-bulk propagators for higher spin gauge 

0|0 . fields in AdS^ space is analyzed in details. Possible interactions with the Higgs scalar and 

the corresponding one loop mass renormalization are studied. This mass renormalization 

is finite and connected with the anomalous dimensions of those currents in the corre- 

rS ' sponding boundary CFT3 that cease to be conserved when the interaction is switched on. 

c^ • In particular it is proportional to £ — 2. 



1 Introduction 

If AdS^^/CFT^ correspondence [1] is valid beyond the tree graph approximation (classical 
field theory) and supersymmetry is not presumed to hold, the anomalous dimensions of 
currents in CFT^ that are conserved only in the free field limit on the one hand, and the 
masses of higher spin gauge fields on AdS^ space on the other hand must be related in 
an accessible way. Since the anomalous dimensions of CFT^ are derived by renormalized 
perturbation theory, an analogous approach, namely one involving renormalization, ought 
to be possible for higher spin field theory on AdS4, space, too. Accessibility means in 
particular that this renormalization of mass is finite for all loop graphs involved. 

We consider one specific loop graph for a given higher spin field, constructed from 
a gauge invariant vertex that involves the Higgs field. We have chosen it such that its 
boundary limit renormalizes the current two-point function in CFT^. However, we expect 
that several different couplings and loop graphs contribute to the mass. Thus in the best 
case our result besides being finite should show a structure typical for such mass, but its 
numerical value could possibly disagree. In CFT^ some currents remain conserved if the 
coupling is switched on. Their anomalous dimension remains zero. If these currents are 
characterized by a parameter that, if it takes a specific value, the current is a conserved 
one, then some " analyticity" presumed, the anomalous dimension should contain a factor 
which vanishes at this value. The simplest example is the stress-energy tensor with spin 
i = 2. So we expect the anomalous dimension and consequently also the higher spin field 
mass to contain the factor i — 2. 

The AdS field theory we study lives in AdS4 and is of Fronsdal type [2], namely the 
higher spin fields have vanishing double trace. We can restrict ourselves on models with 
only even spin i and with one scalar (Higgs) field. Its boundary is supposed to be the 
conformal field theory consisting of all 0{N) invariant local fields in the 0{N) conformal 
sigma model CFT^ |1])[3]- The whole field algebra is assumed to be closed under operator 
product expansions. A corresponding extension of the higher spin field theory is also 
assumed. This kind of CFT^ has the advantage of possessing a renormalizable and simple 
perturbative expansion (1/A^ expansion) and that the anomalous dimensions of an infinite 
number of currents that are conserved in the free field limit (and then have dimensions 
(i + £ — 2, d = 3) have been computed to first order [3] 

1 16(£-2) 
implying the mass 

for the higher spin field of spin L 

In a sense this is the simplest pair of candidates for AdS^/CFT^ correspondence we 
can think of. We do not wish to entangle it with complications caused by extra fields 
which leave their traces at least in off shell amplitudes and thus may obscure simple 
structures. 
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In Section 2 we provide all tools and concepts necessary for the investigations in 
the subsequent parts of this work. These methods have been selected or developed in 
a series of former works of the authors [5], [6], [7], [8], [9], |10]. There exists a basic 
gauge in which higher spin quantum field theory can be formulated: de Bonder's gauge. 
In Section 3 we present an extensive treatment of the higher spin propagators in this 
gauge and in both the ultraviolet (UV) and the infrared (IR) domains, which have a 
common intersection of convergence and analyticity. Nevertheless we lack a method for 
explicit analytic continuation from one domain into the other, since the functions arising 
are apparently not of the generalized hypergeometric class. A possible solution to this 
problem is to go over to another gauge (Feynman's gauge, preferentially) do the analytic 
continuation there, and then invert the gauge transformation. 

The existence of Feynman's gauge for any higher spin field is proved in Section 4. In 
this gauge the propagators are Gaussian hypergeometric and the analytic continuations 
are standard. Feynman's gauge is obviously the choice for any perturbative treatment of 
AdS-QFT. However, to preserve gauge invariance propagators must couple to covariantly 
conserved currents. In Section 5 such currents formed from one higher spin field of spin £ 
and the Higgs scalar and aimed to be coupled to another higher spin field of spin £ ± 2 are 
constructed. These currents appear as cosets with respect to the dual of the de Bonder 
gauge operator which is a novel constructive concept. 

The loop function belonging to two such vertices has two higher spin fields as exter- 
nal legs that are "amputated" in the language of QFT: they are operated on with the 
Fronsdal operator which makes them gauge invariant, and are off-shell. Internally we 
have the product (in coordinate space) of the scalar and the trace of the spin £ + 2 field 
in Feynman gauge. There is a logarithmic UV singularity which can be regularized and 
renormalized by subtraction of an infinite gauge invariant counter term and a finite mass 
renormalization expressed by (I5.24|) which is our main result. 

2 General setup for higher spin propagators 

Here we would like to gather all technical details developed in our different articles about 
several problems of AdSd+i higher spin theorieqj- We work in Euclidian AdSd+i with the 
following metric, curvature and covariant derivatives: 

ds^ = g^y{z)dz^dz'' = -——5^udz>'dz'', y/g = ^ , 
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*We will always try to keep general d in all possible formulas admitting of course that for our AdS4 
theory it should be set to 3 at the end 



For simplicity we will from now on put L = 1 during all calculations keeping in mind 
that we can always restore the AdS radius from dimensional consideration. The next 
important technical trick is the contraction of all the rank i symmetric tensors h\il...^^{z) 
with the £-fold tensor product of a vector a^ 

/.W(^;a)=/iW^^...^^(z)a^^a^^..a^^ (2.1) 

In this notation the trace and divergence of the symmetric tensors are second order dif- 
ferential operators in (z; a) "hyperspace" 

£(£-l)Tr/.W(z;a) = U,h^'){z-a)=g^^-^^^h^'\z-a), (2.2) 

^Divh'^'\z-a) = V''-^h^'\z;a) = {Vda)h^'\z;a). (2.3) 

Then we can write the starting point of the investigation into higher spin gauge field 
propagators, namely Fronsdal's equation of motion (we introduce here the "geometric 
AdS mass" nj) [2] for the double traceless spin i field, n^n^h^^^ = 0: 

J^{h^'\z; a)) = [□ - l^^e]h^'\z; a) - a^a,h^'\z; a) 

- {aV)[v^^h^'^~^{aV)n,h^'\z;a)'\=0, (2.4) 

jj^'j = (£2^£((;_5)_2(rf-2)), (2.5) 

D = V^V^, (aV) = a^V^, a^ = g^,{z)a''a\ (2.6) 

The most important property of this equation is higher spin gauge invariance with the 
traceless parameter e^^^^\z; a), 

6h^'\z-a) = {aV)t^'-^\z-a), (2.7) 

Uj'-^){z-a) = 0, (2.8) 

5J^{h^^\z]a)) = 0. (2.9) 

supplemented with the "Bianchi" identity 

(V9J^-^(aV)n,^ = 0. (2.10) 

Comparing (I2.10p with the second line of (12.41) and keeping in mind tracelessness of the 
gauge parameter (12. 7p . we arrive at the idea that the most natural gauge fixing condition 
for Fronsdal's equation is the so called traceless de Bonder gauge 

I?(^-i)(/,/^)) = V^^h^'^ - i(aV)n,/i(^) = 0, (2.11) 

In this gauge Fronsdal's equation simplifies to 

jrdD^^ii)^ = [D - ^,>W - a^D./iW = 0. (2.12) 



Note that any deviation in fl2.12p of fsj from (12.51) leads to a massive higher spin field. 
A further useful notation is an abbreviated contraction of tensor indices 

*« = (^n^^^^^.- (2-13) 

Then we see that operators a^ and □„ are dual (or adjoint) with respect to the "star" 
product (12.131) in the same fashion as (aV) and (Vda) are dual (or adjoint) with respect 
to the full scalar product in the space {z; a) 

a^f{a)*agia) = /(a) *^ n„^(a), (2.14) 

^/gd^z{aV)f{z;a)*ag{z;a) = - I ^(fzf{z;a)*a{Vda)g{z;a). (2.15) 



Thus we can write now Fronsdal's gauge invariant action in the concise form 

S' = \j ^d'z |/iW(z; a) *a Hh^'\z; a)) - \a,h^'\z; a) *„ n,^(/^W(z; a))\ . (2.16) 

This action is gauge invariant due to the "Bianchi" identity (12.101) . 

Next we can write our double traceless field h^^\z; a) as a set of the two traceless spin 
£ and £ - 2 fields ^/'^(z; a) and O^^-^^z; a) 

h^'\z-a)=ij^'^ + —9^'-'\z;a) , (2.17) 

2ao 

n,/iW = 0(^-2) , n^^w = n^^-s) ^ Q^ (2.18) 

ao = d + 2i-3. (2.19) 

Applying the de Bonder gauge condition we see that the fields ip^^^z; a) and 9^^^'^\z; a) 
completely separate in the action (12.161) 

S' = ^l^d'z{^P^'\z;a)*[n-^^j]^('\z;a) 

"° "^-^(^-^)(.;a) * [n-^l,,^,,]e(^-'){z;a)}, (2.20) 



4ao 

/i^(.-2) = fi^,+2ao = i{i + d~l)~2, (2.21) 

with the following diagonal field equations and de Bonder gauge condition connecting tjj^^^ 
and ^(^-2) 

V/^ A^W = ^^^(aV)e(^-2) - ^V^^e^^-'\ (2.22) 

dat" 2ao 2ao dat" ^ ^ 

{n + i)^(^^ = Ae{Ae-d)^'^^\ (2.23) 

{n + i-2) e^^-^^ = A0(Ae - d)e^^-^\ (2.24) 

At = d + l-2 , Ag = d/2 + l/2V(ao - l)(tto + 7). (2.25) 



So we realize that only in the de Bonder gauge we have a diagonal equation of motion for 
the physical ip^^^ components but this component is not transversal due to the presence 
of ^(^~^) . In our previous paper [5] we have shown that this gauge is most convenient for 
the quantization and construction of bulk-to-bulk propagators and for the investigation 
oi Ad 84^/0 FT3 correspondence in the case of the critical conformal 0{N) boundary sigma 
model. We also mentioned that in the boundary limit only the traceless mode ^^^^ survives 
but the nonphysical trace mode 9^^~'^^ can create a Goldstone mode and enters the bulk 
tree dynamics and the loops. 

The negative sign of the 6 part in the action (12.16^ suggests to quantize this higher 
spin field theory with a formalism of Gupta-Bleuler type, so that a state with n quanta 
of 6 has norm squared of signature (—1)" yielding a pseudo Hilbert space. Applying de 
Bonder's constraint fl2.22p on field operators, the "physical" Hilbert space is the kernel of 
the annihilation operator part of this constraint inside the pseudo Hilbert space. Finally 
zero norm states are projected out. In the context of this work it is only relevant that 
the two-point function of 6 satisfies 

{e'^'~'\z,-a),d'^'-'\z2;c)) < (2.26) 

as a distribution. 

3 Propagators in de Donder's gauge 

On AdS space which is a constant curvature space the geodesic distance r] enters all 
invariant expressions of the relative distance of two points. The standard variable ( = 
cosh 77 can be expressed by Poincare coordinates as 

.. . (^?)^ + iz',r + jzi - z,y {zr-z,nz,-z,r6,^ 

^^^l'^2j- T3-0 -1 + ^33 • i-^-lj 

The propagators are bitensorial quantities which are presented in the algebraic basis of 
homogeneous functions of /i, J2, Is, I^ 

(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 

(3.7) 

(3.8) 

of degree £, the spin of the field. All important formulas for this "advanced technology" 
of working with higher spin field theory in AdS space one can find in Appendix A. We 
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are interested only in that part of the propagator expansion which neglects traces. So it 
is a map from a space of £ + 1 functions {-Ffc(C)}fc=o ^'^ ^ space of bitensors parameterized 
by Ji and I2 only, namely 



[0 + i)¥'^[F,] 



E^'^(o/^%^ 



k=0 



A,iAe-d)¥'^[Fk]+0{al;cl). 



(3.9) 
(3.10) 



In the variable ( the analytic properties of QFT n-point functions are conveniently 
described. In particular the two-point functions or propagators are analytic in the ( plane 
with singularities at C = =tl and at C = 00, which in most cases are logarithmic branch 
points. Analyticity is therefore meant in general on infinite covering planes. All AdS field 
theories are symmetric under the exchange ( against —(. 

Another variable used often is u = ( — 1, the "chordal distance", more precisely one 
half the square of the chordal distance. The series expansions for two-point functions in u 
converge in a radius 2, whereas the series expansions in powers of (~^ converge for | (^ |> 1. 
These analytic properties remind us of Legendre functions. Indeed if propagator functions 
can be identified as Gaussian hypergeometric functions, these are Legendre functions and 
the "quadratic transformations" can be applied. Using formulas from Appendix A we 
can show that in de Bonder's gauge the propagator satisfy the following set of differential 
equations for the functions -Ffc(C) or correspondingly $fc(^) of (13.91) following from equation 
(1221 



(C' - 1)F; + id+l + Ak)CFl + XkFk + 2C(A; + ifF^, 

Xk = k{d + 2i-k) + 2l-{i- 



i + 2{i-k + l)Fi 
2){(. + d-2). 



0, 



(3.11) 
(3.12) 



The " dimension" of the higher spin field /S.^ = i + d — 2 has been inserted. Moreover we 
use F_i = Fg^i = 0. The dimension of the AdS space is d + 1, we interpolate analytically 
in d if this is technically required. Our issue is to solve these equations by expansion in 
powers of ("^ or u. This leads to matrix recursion equations which necessitate some linear 
algebra operations. 

As an ansatz for the series expansion of -Ffc(C) at (^ = 00 we use 



Fk{o = c^-'J2'^>^-<~ 



2n 



(3.13) 



?i=0 



Denote ^ = a + 2n. Then a two term recursion of the form 



Dr, 



( Co„ \ 



a 



n-l 



C0,n-l ' 
Cl,n-1 

\ Q,n-1 J 



(3.14) 



results with the two matrices 



and the entries of the matrix Dn 

iD^)k,k-i = -2{i-k+m + k-l), 

{Dn)k,k = i^ -i{d + 2k)-Ae + 2l{k + l)-{l-2){£ + d-2), 
{Dn)k,k+1 = 2{k+lf. 



(3.15) 



(3.16) 

(3.17) 
(3.18) 



The determinant of Dq is a polynomial of degree 2(^+1) of the variable a with roots 
which we identify with the "roots" of the differential equation system. For arbitrary i we 
have 



detDo = [{a + i-2){a + 2-i~d)][{a + l-2){a-i- d)] 



1-2 



X JJ[a2 _ ((i + 4 + 2n)a - {{I - 2)d + (^ + nf - (n + 2)(3n + 4))]. 



(3.19) 



n=0 



Each square bracket represents one eigenvalue of Dq and contributes two roots. The 
quadratic factors lead in almost all cases to two irrational roots that are neither degenerate 
among themselves nor with the other roots, but there are exceptions which have two 
integer roots e.g. for rf = 3 : (£,n) G {(4, 1), (6,4), (9, 2), (9, 5), (11, 8), (15, 8)...}. Two 
roots are said to be degenerate, if their difference is an integer. For the case of expansions 
in powers of C^ as in (I3.13p . this integer must be even. In such case the solution with the 
bigger root enters the other one with a logC^ factor. 

The following roots are of particular (physical) importance 



OLr, 



ar 



+ d-2, 
+ d. 



(3.20) 
(3.21) 



We call the first root Op " principal" because it has the value of the dimension A of the field 
which enters the field equation in the form A{A — d). The second root is a "companion" of 
it, since they appear for all i as such pair (see (I3.19P ). It is degenerate with the principal 
root and the solution of it enters the principal solution with a log( factor on the next 
to leading power in the expansion. The bigger ones of the two roots in the exceptional 
cases quoted above are also bigger than the principal root i+1 (for the same £) but their 
distance to it are odd numbers except for the case {£,n) = (15,8), where the distance to 
£ + 1 is sixteen and the log( term appears at a very high power. 
For the principal root the equation for the eigenvector of Dq 



( 



Doi^p 



•-00 

(ap) 
10 



\ 



c 



(3.22) 



\ c^^ / 



can be solved for each C.. We find 

c&^ = (-l)'Q, (3.23) 

wfiich is easy to prove by using the general expression for the rows of the matrix D^ 
as given in (13.161) - (13.181) . The consequence of this result is that the leading term of 
'^'^^\Fk[ap)\ at C = cxD is the well known expression (^"^(/i — C~^l2Y- Already at next 
order in C~'^ log-terms appear. 

For the companion root Oc the eigenvector for Dq can be derived by a little bit more 
algebra for any £ 



4's'=(-i)M(:.)+('i+2''-2)(:. :)). (3.24) 



The actual construction of a solution for the pair of roots starts with the bigger one, Oc- 
Its solution takes the form 

00 i 

F,(C;a,) =r^-2 5^r'"Enn(«c)MC?o\ (3.25) 

n=0 s=0 

where we used 

= Hi{ac + 2{n-l)), (3.26) 

n,(a,) = n:?Zo''"^i(«e + 2r). (3.27) 

and the left arrow denotes ordering of the product with increasing r from right to left. In 
this context we note that if a nonsingular matrix S{a) would exist, so that Hi could be 
diagonalized by 

Hi{a) = S~^{a + 2)A{a)S{a), (3.28) 

then -Ffc(C; a) would be a generalized hypergeometric function. 

Having constructed the solution for the companion root we turn to the principal root. 
We recognize that Dn{(y.p) can be spectrally decomposed in the following fashion 

DnXi = \X^, (3.29) 

Dlilji = A,^i, (3.30) 

I 



Dn = J^A.x^®^',^, (3.31) 

i=0 

^IXj = 5,, (3.32) 

Denote further 

p^ = V'^a-i. (3.33) 



All these quantities can be determined as functions of ^, and it is easily verified that 
iKm is not fulfilled. 

One of the eigenvalues of Di{ap) vanishes, we denote it Aq, so that Di{ap) cannot 
be inverted. We perform a deformation of our differential equation system replacing ap 
only in Aq and in the prefactor (~°'p by ap + e. All other eigenvalues and the eigenvectors 
remain unchanged. Then we continue the whole procedure known from the companion 
root, all Hn will remain singularity free. At the end we subtract a certain multiple 7 of 
(e^^+/i)\E'''^^[Ffc(ac)] so that the limit e — ;> can be performed and the log-terms appearing 
are —'ylogC'i>^''^[Fk{ac)]- The additional parameter /i is in principle arbitrary showing 
that the principal solution containing a log factor is a coset with respect to adding the 
companion solution. This parameter can, however, be normalized in a standard fashion 
by requiring that the (/ + l)-tupel of coefficients c^"^ where at level n the log term appears 
first, is orthogonal to the eigenvector ipo belonging to the deformed eigenvalue. We close 
this discussion with the remark that on the boundary of AdS space i.e. C = 00 any linear 
combination 

¥'\F,{ap)]+A¥'\F,{a,)] (3.34) 

is indistinguishable from the pure principal solution. Thus the boundary constraint fixes 
only the whole coset and not any representative of it. 

In order to render the expansions of Fj. around ( = l{u = 0) a visually different 
expression, we shall denote them $fc. The expansions are 



^kiu) =M°^afc,„M''. 



n=0 



Again we obtain matrix recursion relations 



Ar 



( ao,f 



\ 



\ Q'i.n j 



We define 

and obtain the matrices 



(A„)fc^fc 

{,An)k,k-\ 
{Bn-l)k,k+l 



Bn-1 



0'l,n-l 



( 



+ E 



Ct0,n-2 
Ctl,n-2 



\ 



0. 



^ = a + n, 

e(2e + rf + 4fc-l), 

(^ - 1)(^ + rf + 4fc - 1) + Xfc, /a6e/3.6 
2{k + If = iE)k,k+i- 



Here we used the shorthand (see (13.121) ) 

Xfe(A) = k{2X + 2i-k + l) + 2e-{e-2){2X + 



(3.35) 



(3.36) 

(3.37) 

(3.38) 
(3.39) 
(3.40) 
(3.41) 

(3.42) 
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and d = 2X + 1 has been introduced. Therefore An is of lower triangular shape with 
eigenvalues .^(2,^ + d + 4k — 1). The root system is therefore 



+ 1 times the root zero: 



the i + 1 roots a^ 



-A — 2m, < m < 



Both sets are degenerate among themselves, and if d is odd, the second set is degenerate 
with respect to the first one. The first set produces regular solutions, the second set 
produces poles if d is odd, which it is in the case of present interest. Nevertheless we will 
regard rf as a free real parameter in order to handle the degeneracy with the regular cases. 
The solution for a^ in combination with any regular solution has the appropriate singular 
behaviour at -u = needed for a propagator, namely applying Fronsdal's differential 
operator the correct delta function is created. 

Any solution is obtained by requiring 



An 



( ao,o ^ 



0. 



This requirement is solved for the regular solutions ^l\u) (for which Aq 
solution is trivial) by 

For any such solution r we obtain next 

= —{Ai )k,riBo)rr — (^1 jfe.r-l (-Bo)r-l,r, 

where we insert 



(3.43) 

and the 

(3.44) 



{A,)r,r 


= ci + 4r + l. 


(^l)r,r-l 


= 2(£-r + l), 


(-Bo)r,r 


= Xr, 


(-Bo)r-l,r 


= 2r^ 



(3.45) 



(3.46) 
(3.47) 
(3.48) 
(3.49) 



and obtain 






k,r 



k,r 



-2)''-'- Yl {^ - s + 1) [Ylid + 4s + 1)]-^ (for k>r), (3.50) 



s=r+l 
-1 



(rf + 4r + 1 
for k < r. 



(3.51) 
(3.52) 
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There is no sign of any singularity caused by the degeneracy. Finally we get 

«M = -Xr{A-{%^r - 2r\A^%^r-u (3-53) 

which vanishes for r > k + 1. 

We turn now to the nonanalytic solutions <l>fc(w, o;™,) with roots Um = —A — 2m and 
concentrate on the case m = because this is the perturbative Green function for the 
Fronsdal differential operator. At the beginning we assume A ^ Z in order to avoid the 
degeneracy with the regular solutions. In this case we have 

(3.54) 
(3.55) 

(3.56) 





(^)fe,fc = -4AA;, 
{Ao)k,k-i = -2\{i-k + l), 


and the equation 


> ;(^)..47^ = 

T 


is solved by 





-S'=(4V(I)- (3-57) 



Next we treat the Ai matrix 



{Ai)k,k = 2(l-A)iVfc, Nk = 2k + 1, (3.58) 

{Ai)k,k~i = 2{l-X){£-k + l), (3.59) 

{A^^)k^r = [2(1 — A)]~^/5fc,r,for k>r and zero else, (3.60) 



k 



Pk,r = {-i)k-r[l[N,]-\ (3.61) 

s=r 

The Bq matrix is 

iBo)k,k = -A(A + 4A; + l)+Xfc:=Zfe(A), (3.62) 

iBo)k,k+i = 2{k + lf. (3.63) 

The matrix E is still not needed for n = 1. 
We define the matrix 

{H,)k,r = -iA^'Bo)k,r = [2(A - l)]-'{PkABo)r,r + A,r-l(5o).-l,.}, (3.64) 

and obtain for the coefficients c^"^' 

c&^ = E™..(-0'Q. (3.65) 

All these coefficients inherit a pole in A at the value 1. 

12 



This pole does not appear in one eigenvalue only as in the C = oo case. This is due 
to the fact that for A = 1 there exist i + 1 degenerate regular solutions and therefore the 
pole appears in all £ + 1 eigenvalues simultaneously. It is straightforward to calculate the 
residues of all matrix elements of Hi and to derive the expressions 

p, = ^res{Hi),^r(^-^^^ Q. (3.66) 

Then we subtract from this solution at n = 1 the regular solution 



iX-ir'[J2Pr^^'H^)l (3-67) 

r=0 

obtaining in the limit the log term of \l/*^^^[$fc(n, ag)] 

e 
-logu [J2pM''\u)]. (3.68) 



r=0 



We mention that the leading term of \E'^^^[$fc(M, ao)] is 

u~\h-lhY. (3.69) 

The situation with the Green function type solution is the same as with the solution 
which is constrained by the AdS boundary condition: The UV constraint is satisfied by 
a coset, namely any linear combination of regular solutions can be added to the solution 
\l/*^^)[$(ao)]- In turn this may also be used to normalize the solutions $fc(ao)- We can 
namely require that on the level ra = 1 on which logw appears first, all the coefficients 
Cj^° are made to vanish by appropriate subtraction of regular solutions. 

4 Propagators in Feynman's gauge 

In this section we consider the higher spin gauge propagators analyzed in the previous 
section and in [5j, ^llj, ^12j in an approach developed originally for the spin £ = 0, 1, 2 in 
jl3] . |14j . [T3] only, but now generalized for all £ with a slight modification of arguments. 
Namely we consider our propagator working directly in the space of conserved currents 

h^'\zr, a)= j ^d'z2K^'\zi, a- z^, c) *, jW(^2, c), (4.1) 

where 

K^^\zx,a;z2,c) = ¥^\Fkiu{zi; Z2))] + traces. (4.2) 
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Taking into account the conservation properties of the current J^^\z2, c) we can formulate 
the ansatz following from (12.231) 

[n^ + i - Ae{Ae - d)]¥'\Fkiu{zr, Z2))] = -1%+iizi; Z2) + traces 

+ icV2){ha^^'"'^[Mnizi;z2))])- (4.3) 

This means that applying the gauge fixed equation of motion at the first argument of 
the bifocal propagator we get zero (or more precisely a delta function in the coincident 
points) due to a gauge transformation at the second argument. 

Here we should make some comments on the delta function in curved AdS space. Our 
notation in (14. 3 p means 

Vi)(^i;^2) = ^^'^'^^^'\ !5^,^,){Z,-Z2)d'^'z, = 1. (4.4) 

In the polar coordinate system defined in Appendix A the invariant measure (for d = 3) 



IS 
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■s/gd'^z = u{u + 2)dudVt-i. (4.5) 

Therefore we can define 

S(i){z - Zpole) _ 5{u) _ 5(^)(m) 



y^ u{u + 2)Q3 {u + 2)Q3 

u6'^^\u) = -6{u). 



(4.6) 



This u- dependence of the measure leads to the idea that short distance singularities in 
D = d+ 1 = 4 dimensional AdS space should start from ^ not from -. 
Then using the gradient map flA.34p . flA.35p we can derive 

(CV2) (/i.vI/(^-^)[A,(«)]) = ¥'\A',_,{u) + {k + l)Afc(n)], A, = (4.7) 

Combining this with the Laplacian map (1A.3ip - (1A.33p and (14.11) we obtain the following 
set of ^ + 1 equations for zi ^ Z2 (unlike the case (13. lip we do not insert the value of A^ 
here) 

u{u + 2)F^' + {d+l + 4k){u + l)F'f, + 2{i-k + l)F^_i + 2{u + l){k+ ifFk+i 
+ [2i + k{d + 2£ - k)]Fk - A,(A, - d)Fk = A'^^^ + {k + l)Afc. (4.8) 

To analyze this system we write the k = 0,1 and i — l,i cases explicitly 

u{u + 2)F'^ + {d + l){u + l)F^ - A£(A£ - rf)Fo + 2{u + l)Fi + 2£Fo = Aq, (4.9) 

0{Fl F[, Fi, F2) + 2iFi = a;, + 2Ai, (4.10) 

0{FI,, Fi„ F,_i, F,, Fi,) = Al, + M,_i, (4.11) 
u{u + 2)F" + {d+l + At){u + 1)F; + [£2 + £(rf + 2) - Af(A^ - d)]Fi 

+2Fi, = A',_„ (4.12) 

14 



and we see that this system for 2£ + 1 functions is separable. One solution is obtained if 
we put 

Fk = 0, k = l,2,...i, (4.13) 

A;. = 0, k = l,2,...i-l, (4.14) 

and submit -Fo(m) to the Gaussian hypergeometric equation 

u{u + 2)F^'(m) + {d + l){u + 1)F^(m) - A£(A£ - d)Fo{u) = 0, (4.15) 

supplemented with a noncontradictory solution for the remaining gauge parameter Ao(m) 

Ao{u) = 2eFo{u). (4.16) 

So we prove that with an appropriate choice of the gauge freedom we can obtain the 
propagator in Feynman's gauge in the form 

K^^\zi, a; Z2,c) = /fFo(M) + traces, (4.17) 

where Fq{u) is the solution of the equation for the scalar field with dimension Ai (14.151) 
[13] . The solution of this equation is well known and can be written in two different forms 
[151 [IS]- The first form is {( = u + 1) 

Fo(C) = C{i, d)2^X-^^,F^ (^, ^, A, - ^ + 1; ^) . (4.18) 

This form is suitable for an investigation of the infrared behaviour. We see immediately 
that near the boundary limit we have 

FoiO -^ C^%=3 = C^'^'\ if C-^oo, (4.19) 

which is just wanted for AdS/CFT correspondence. Indeed comparing A^ and Ag in 
(I2.23I) - (I2.25I) we see that the propagator of the nonphysical mode 6 falls off in the boundary 
limit faster than the propagator for the physical mode ip, as it should be. 

But for us the second form of this expression obtained after a quadratic transformation 
of the hypergeometric function listed in the Appendix B fIB.ip is more interesting 

2\^* „ /. . d 1 . . 2 



Fo{u) = C{e,d) ( - 1 2F1 (A,, A, - - + -,2A, - rf+ 1; -- 1 . (4.20) 

The normalization constant C{i, d) is chosen to obtain the 5 function on the right hand 
side of (S3D 

c(,f.)- r(A,)r(A, - f + 1) iiji-iy. 

(~'{f^,d)-- ^ (d+i) ^ -\d=3 - .n2i^g TTT- l4.2ij 

(47r)V^r(2Af-rf+l) 167r^(2£-l)! 
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To investigate the ultraviolet limit of (14.201) we have to use the second formula (lB.2p 
of Appendix B and take carefully the limit d —>■ 3 to obtain 

2\^' f . . d 1 ^ , 2\ , (2£-l)! r 2 



u) --^-"-- 2 ' 2' ^ ' ' «; '"^" {i-\)\ \i\u 






n=0 



where the rational number T^^^ is expressed by the ■?/' functions 

T^_„ = ^(£ + ^ + 1) + ^(^ _ ^ _ 1) _ ^(^ + 1) _ ^[n + 2). (4.23) 

So we see now that in the ultraviolet limit we get 

Fo(m)U=3 = ^- + 0(1, M, logM, u logu, . . . ). (4.24) 

This main singular term in the propagator of the scalar field with dimension A^ does not 
depend on the field dimension and behaves always like g;;^- For example we have the 
same singularity in the propagator of the conformally coupled scalar in AdS/^ (see [^) 

Yhi{z^,z^)\ = -^(-±^—], (4.25) 

{n + 2)J:[u{zuZ2)] = -(5(4)(^i;^2). (4.26) 

So we observe some universality in the UV behaviour of higher spin propagators in Feyn- 
man's gauge: 

For any spin i the propagator starts from -^ig^- 

Comparing with (I3.69P we deduce that in de Bonder gauge we have the same picture 
because 

• /i(a, c; u) — > a^Cu if m ^ . 

• hia, c; u) = I-s^a, c; u) ^ ii u ^ . 

• 14(0, c; u) -^ a^c^ if M — *> . 

So finally we can formulate the following statement: 

The higher spin propagator in Feynman's gauge is simplest and most convenient for 
the calculation of any Feynman diagram. Just we have to couple it with conserved currents 
to make sure that we preserve gauge invariance. The UV-behaviour of the propagator is 
universal and described by ^■24\ )- 
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5 Spin ^, ^ — 2 and scalar interaction and mass renor- 
malization 

Now we turn to consider some special cases of higher spin interaction. The first solutions 
for this old problem for AdS space was considered many years ago [17]. We will not 
pretend in these notes to refer all articles that appeared during last 30 years dealing with 
this important problem in general but eventually using different approaches. We select 
here only recent reviews in this field [H] and note that some similar interactions were 
considered in [I9] in a type of BRST approach [20] . 

In this section we will construct all possible gauge invariant interactions between 
two neighboring higher spin gauge fields and a scalar containing two derivatives. On 
this linearized level of understanding the higher spin gauge invariance it is possible to 
construct an interaction of the gauge field contracted with the conserved current formed 
from gauge fields of the nearest different spin (£ ± 2), comformally coupled in the AdSd+i 
background with the scalar a{z) 

d^ -I 

Ua{z) + ^-—a{z) = Q, (5.1) 



and two derivatives 



9i 



S,nt = -^ / ^d'zh^'\z;a) *, J^'\h^'^'\z;a),aiz)]. (5.2) 



Here we introduce an unknown coupling parameter gi normalized as 0(-^) as it follows 
from AdS^^/CFT^ correspondence. The conservation condition following from the gauge 
transformation for h^^\z) (12. 7p with the traceless parameter e^^~^^ is 

V^^J^'\h^'^^\z;a),a{z)] = 0{a^). (5.3) 

This equation could be used to construct all possible currents with properties mentioned 
above. Actually in our previous article [6] we constructed a conserved current solving the 
conservation condition directly for the case of spin £ — 2, a scalar field and two gradient 
derivatives. Moreover we have shown there that the solution is unique and should start 
from the double full derivative term. Here we will present a more general way of solving 
the conservation condition (15. 3p . Note also that in this way we can construct only an 
interaction of scalars with two different higher spin fields transforming with different gauge 
parameters. For the construction of the interaction of the scalar with the selfinteracting 
gauge field h^^^h^^^a we need more than the linearized theory of higher spins. In this case 
we should analyze and construct first the term quadratic in h^^^ of the gauge invariant 
Fronsdal operator deforming at the same time the gauge transformation up to a form 
linear in h^^^ . This could be done in principle in an AdS background at least and we 
postpone this task for future investigations. 
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Returning to the equation (15 ■3p we note first that the operator 



p(+i) = (aV) - ^a'V^^ (5.4) 

is dual to the de Bonder gauge operator 

with respect to the full scalar product (12.151) . and second that this operator commutes 
with the divergence in the following way (see ( 1A.37P and ( 1A.38I) ) 

W-^V'^+''>j^'-'\z, a) = [n-{i-l){d + i- 2)]f-'\z, a) + 0{a'). (5.6) 

Then taking into account (1A.39I1 we can see that with the natural choice j^^~^\z,a) = 
{aV)[h^^~'^\z; a)a{z)] one can obtain (/ig(f„2) is the AdS mass of the trace part of h^^' 

dMID) 

V'^^V^^'\aV)[h^'-'\z;a)a{z)] = {aV)[n - ^^l,,_,,]ih^'^')iz;a)a{z)) + 0{a% (5.7) 

This can be integrated easily and we restore our conserved current from [6| in the following 
form 

jW[/,(^-2),^] = V^+^){aV)[h^'-'\z;a)a{z)] - ^[D - ^l,,_,,]{h^'-^\z;a)a{z)) + 0{a'). 

(5.8) 
Note that all 0{a'^) terms are unimportant due to the double tracelessness of h^^\z; a). At 
this point we will apply for simplicity de Bonder's gauge condition to all types of gauge 
fields. Then using free equations of motion only for the fields h^^~'^^ and a that form the 
conserved current, and neglecting the first part due to de Bonder's gauge condition for 
the gauge field h^^\ we obtain the following effective current 



jW[/i(^ -',a 



2) - '^ 



2V-(V,/.(^-)a) + (i^ - /.?,_,) - /.^,_,) /.(^-) 



a 



(5.9) 



Note that this interaction vanishes if we require a free equation of motion for the field 
h^^^ coupled to the conserved current. 

The next step of our consideration is the construction of the conserved current J^^-* [h^^~^'^\ a] 
which is dual to the former one, where the gauge field inside the current has a spin higher 
than the gauge field coupled with the current. Exploring in a similar way the conservation 
condition (15.31) and using divergence instead of gradient on stage (14.71) and formula (JA.36P 
instead of (1A.39P we obtain the following solution 
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where 

^W(z;a) = n,/i(^+2)(2;a). (5.11) 

Inserting in (15.101) £ — 2 instead of £ and using the equation of motion for the fields inside 
the current and de Bonder' gauge condition for the external gauge field, we obtain the 
effective current 



J^'-^\h^'\a] 



2W{v,e('-'^a) + (i^ - /.?,_,) - ^^,.,) e(^-) 



a 



(5.12) 



Comparing with (15.90 we see that in both cases we have the same effective interaction 
between the physical mode 'tp^^~'^\ the trace mode 6'*^^"^^ and the scalar, and the conserved 
current (I5.12p up to an overall normalization is dual to the conserved current (5.9) due 
to the equations of motion for the fields forming the currents in each cases. Thus we 
prove that one can use Feynman's gauge for propagators coupled to these two currents 
and can turn now to investigate some loop diagram for a study of mass renormalization 
or quantum mass generation phenomena. Actually we considered all interactions of two 
neighbouring higher spin fields with a Higgs scalar that are minimal with respect to the 
number of derivatives, and which can generate mass in a loop. Though from (15. 6p follows 
that we can introduce in principle many other j^^~^\z; a), all of them will contain more 
derivatives in front of the quantized fields and will generate counterterms that are not 
suitable for finite mass renormalization. 

So we see that only one reasonable one loop diagram can be constructed from the 
interactions considered in this section. It is a loop formed by the scalar a and the non- 
physical trace mode 9^^^ and with physical but off-shell external lines tp^^\ Actually we 
would like to calculate the following quadratic part of the effective action 

I J ^dh, I ^d%h('\z,; a) *. ( jW[/.(^+2), a; z,- a], J^%^'+^\a- z,- c)]> *, h^'){z,- c), 

(5.13) 
where J^^\h'^^^'^\a]Z2]c)] is presented in ( I5.10p . Performing a partial integration and 
taking into account tracelessness of 6'*^^^ we get the following expression 

^ j ^d^z, j ^gd^Z2T{^'^'\zv, a)) *a S[m(zi, Z2)]Q^'\uizi, Z2); a, c] *, Ti^^'\z2; c)). 

(5.14) 
Here J-'i^ip^^'^) is the traceless part of Fronsdal's operator, E[m] is the scalar propagator 
Km and 

eW[M(^i,Z2);a,c] = {9^'\zua),9^'\z2;c)) (5.15) 

is a trace part of the h^^^'^^ propagator. We want to understand the singular part of this 
loop. 

From now on we follow a technique developed in previous articles f7] and [8J where the 
trace anomaly of the scalar mode in external higher spin field was successfully calculated 
from a one loop diagram. First we can use an AdS transformation to fix the point Zi 

19 



as a pole for the coordinate system z^. Then the integration measure can be expressed 
through the chordal distance u as it is explained in the Appendix A. The singularity 
of the product of the scalar and the higher spin propagators is relevant if it is at least 
Xjv? because one power of u is compensated by the integration measure (see ( lA.llI) and 
explanation hereafter). Then from the relative coefficient between the V' and Q modes in 
(12.201) evaluated for spin £ + 2 and c? = 3, from (14.241) and an additional sign from the 
indefinite metric (12.261) we deduce 

(^W(zi; a), e^'\z^- c)> = -l^±^/f-i- + 0(«, logn, . . . ), (5.16) 

Multiplying hereafter with the scalar propagator we get the unique singular term of the 
loop function 

{^l"ie">M}„„,^-Ji^/f^. (5.17) 



Using a standard formula of analytic dimensional regularization in AdS space (see [3, E]) 

1 

s^ng 6(^^-1)! 



^^ ^^""V"^^(n). (5.18) 



for our distribution with n = 1 and the definition of the delta function (14. 6p . we obtain 

{SNe'"H}„„, = _i^|±|(„.e„)'i«,.,(., .,). (5.19) 

Before inserting this expression in (I5.14p we have to be sure that we preserved gauge 
invariance during regularization. At this stage it means that we have to preserve the 
conservation condition (15.31) for the current as a Ward identity for the correlator in (I5.13p . 
Then taking into account that after partial integration we got gauge invariant Fronsdal's 
operators instead of external lines we deduce that we just should write these external 
lines as a gauge invariant object during dimensional regularization or in other words for 
(i = 3 — e. From the formula for the geometric AdS mass /i^ (12. 5p we see that 

T''=''~\h^'\z; a)) = J^''=\h^'\z- a)) + e(£ - 2)h^'\z- a). (5.20) 

Then inserting this and (15.191) in (I5.14p we obtain immediately as local singularity of our 
diagram 

- -.W^fvh I r9d'zn^^\z, a)) *. ^(^W(z; a)), (5.21) 

supplemented with the additional finite local term 



ginsii-2)ii + 2) 



^d'zij^'\z-a) *,^(V^W(z;a)). (5.22) 



The first singular term can be dropped adding the same singular local and gauge 
invariant counterterm to the effective action as (I5.2ip but with opposite sign. The second 
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finite local part is not gauge invariant itself and cannot be absorbed by adding the local 
finite invariant counterterm but can be absorbed by finite renormalization of the mass 
term. Indeed let us add an additional finite local counterterm proportional to 



v/^rf^z[^(^W) - Smjij'^'^] *a [^(^^'^) - 6m^,ij^% (5.23) 



Then we see that if 



, g]ns{i-2){i + 2) gj{i-2){i + 2) 



^^'~ 8N7T^{i+l) ~ ANn^ii + l) ' ^^ ' 

we will cancel fl5.22p without any additional term in the given order of perturbation theory 
{0{1/N)), absorbing the additional 0(1) finite local JF^ term in the infinite singular 
gauge invariant counterterm, since an additional finite renormalization supplementing 
the infinite one fixes the renormalization scheme. We see that our mass renormalization 
implies a soft symmetry breaking because we got only a finite mass generation. In other 
words all our infinite counterterms are gauge invariant. 

So we see that we got mass renormalization as it was expected from AdS^/CFT^ 
correspondence and formulated in terms of boundary CFT theory in an article of one 
of the authors [1]. In principle we can compare this mass with the answer obtained in 
jl] from anomalous dimensions of higher spin currents in the 0{N) sigma model (II. 2p . 
Especially we got the same interesting {i — 2) factor protecting the spin 2 graviton field, 
that corresponds to the boundary energy momentum tensor, from renormalization and 
find a prediction for the coupling g^. But we will not do that at this stage because it is 
not the full solution of the problem. As it was mentioned above we did not include in 
our consideration the selfinteraction h^^'^h'^^^a and the corresponding one loop diagram. 
To consider this we need a nonlinear (at least second order) formulation for higher spin 
curvatures and Fronsdal's operators which we hope we will be able to do in the near 
future, continuing and generalizing our construction at linear order performed in [9l [TO]. 
Then we will be able to compare this UV approach with another IR ansatz including 
the Stiickelberg and Goldstone mechanism which was considered in [6]. Note that in [6] 
we used another loop diagram with the J^^' (Jv^'"^' a) current and the protection of the 
graviton mode appeared there just due to the absence of that diagram for 1 = 2. 

Acknowledgements 

This work was supported by Alexander von Humboldt Foundation under 3.4-Fokoop- 
ARM/1059429. Work of K.M. also partially supported by CRDF-NFSAT UCEP06/07. 

References 

[1] I. R. Klebanov and A. M. Polyakov, "AdS dual of the critical 0(N) vector model," 
Phys. Lett. B 550 (2002) 213; [arXiv:hep-th/0210114j . 

21 



[2] C. Fronsdal, "Singletons And Massless, Integral Spin Fields On De Sitter Space (El- 
ementary Particles In A Curved Space Vii)," Pliys. Rev. D 20, (1979) 848; "Massless 
Fields With Integer Spin," Pliys. Rev. D 18 (1978) 3624. 

[3] T. Leonhardt, A. Meziane, W. Riihl, "On the proposed dual of the critical 0{N) 
sigma model for any dimension 2 < d < 4," Phys. Lett. B555 (2003) 271; 
[arXiv:hep-th/0211092 ]. 

[4] W. Riihl, "The masses of gauge fields in higher spin field theory on AdS(4)," 
Phys.Lett. B 605 (2005) 413; |arXiv:hep-th/0409252]; the resuhs presented here 
are based on extensive calculations performed by K. Lang and W. Riihl, Nucl. 
Phys. B 400 (1993) 597. 

[5] R. Manvelyan and W. Riihl, "The off-shell behaviour of propagators and the Gold- 
stone field in higher spin gauge theory on AdS(d+l) space," Nucl. Phys. B 717 
(2005) 3; [arXiv:hep-th/0502123| . 



[6] R. Manvelyan and W. Riihl, "The masses of gauge fields in higher spin field theory 
on the bulk of AdS(4)," Phys. Lett. B 613 (2005) 197; | arXiv:hep-th/0412252| . 

[7] R. Manvelyan and W. Riihl, "The structure of the trace anomaly of higher 
spin conformal currents in the bulk of AdS(4)," Nucl. Phys. B 751, (2006) 285; 
|arXiv:hep-th7 0602067| . 

[8] R. Manvelyan and W. Riihl, "The quantum one loop trace anomaly of the higher 
spin conformal conserved currents in the bulk of AdS(4)," Nucl. Phys. B 733 (2006) 
104; [arXiv:hep-th/0506185| . 



[9] R. Manvelyan and W. Riihl, "Generalized Curvature and Ricci Tensors for a Higher 
Spin Potential and the Trace Anomaly in External Higher Spin Fields in AdS4 
Space," Nucl. Phys. B 796 (2008) 457; |arXiv:0710.0 952 [hep-th]]. 

[10] R. Manvelyan and W. Riihl, "The Generalized Curvature and Christoffel Sym- 
bols for a Higher Spin Potential in AdSd+i Space," Nuclear Physics B, In Press; 
iarXiv:0705.3528l [hep-th]]. 

[11] T. Leonhardt, R. Manvelyan and W. Riihl, "The group approach to AdS space 
propagators," Nucl. Phys. B 667 (2003) 413; |a rXiv:hep-th7030523 5|. 

[12] T. Leonhardt, W. Riihl and R. Manvelyan, "The group approach to AdS space 
propagators: A fast algorithm," J. Phys. A 37 (2004) 7051; | arXiv:hep-th/03 10063] . 

[13] C. Fronsdal, Phys. Rev DIO (1974) 589; C.P. Burgess and C. A. Lutken, "Propaga- 
tors and Effective Potentials in Anti-de Sitter Space", Nucl. Phys. B272 (1986) 661; 
T. Inami and H. Ooguri, "One Loop Effective Potential in Anti-de Sitter Space", 
Prog. Theor. Phys. 73 (1985) 1051; C.J.C. Burges, D.Z. Freedman, S. Davis, and 

22 



G.W. Gibbons, "Supersymmetry in Anti-de Sitter Space", Ann. Phys. 167 (1986) 
285. 

[14] B. Allen and T. Jacobson, "Vector Two Point Functions In Maximally Symmetric 
Spaces," Commun. Math. Phys. 103 (1986) 669. B. Allen and M. Turyn, "An Eval- 
uation Of The Graviton Propagator In De Sitter Space," Nucl. Phys. B 292 (1987) 
813. M. Turyn, "The Graviton Propagator In Maximally Symmetric Spaces," J. 
Math. Phys. 31 (1990) 669. 

[15] E. D'Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, "Gravi- 
ton and gauge boson propagators in AdS(d+l)," Nucl. Phys. B 562 (1999) 330; 
|arXiv:hep-th/9902042| . E. D'Hoker and D. Z. Freedman, "General scalar exchange 
in AdS(d+l)," Nucl. Phys. B 550 (1999) 261; [arXiv :hep-th/ 9811257|. E. D'Hoker, 
D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, "Graviton exchange and 
complete 4-point functions in the AdS/CFT correspondence," Nucl. Phys. B 562 
(1999) 353; [arXiv:hep-th/990319 6|. 

[16] L. J. Slater, Generalized hypergeometric functions, Cambridge University Press 
1966, Section 1.8. 

[17] E. S. Fradkin and M. A. Vasiliev, "On The Gravitational Interaction Of Massless 
Higher Spin Fields," Phys. Lett. B 189 (1987) 89. E. S. Fradkin and M. A. Vasiliev, 
"Cubic Interaction In Extended Theories Of Massless Higher Spin Fields," Nucl. 
Phys. B 291 (1987) 141. 

[18] M. A. Vasiliev, "Higher Spin Gauge Theories in Various Dimensions", Fortsch. 
Phys. 52, 702 (2004) | arXiv:hep-th/0401 177]. X. Bekaert, S. Cnockaert, C. laze- 
olla and M. A. Vasiliev, "Nonlinear higher spin theories in various dimensions 



arXiv:hep-th/0503128|. D. Sorokin, "Introduction to the Classical Theory of 



Higher Spins" AIP Conf. Proc. 767, 172 (2005); [arXiv:hep-th/0405069|. N. Bouatta, 
G. Compere and A. Sagnotti, "An Introduction to Free Higher-Spin Fields"; 
[arXiv:hep-th/0409068 ]. 

[19] A. Fotopoulos, N. Irges, A. C. Petkou and M. Tsulaia, "Higher-Spin Gauge Fields 
Interacting with Scalars: The Lagrangian Cubic Vertex," JHEP 0710 (2007) 021; 
iarXiv:0708 .1399 [hep-th]]. I. L. Buchbinder, A. Fotopoulos, A. C. Petkou and 
M. Tsulaia, "Constructing the cubic interaction vertex of higher spin gauge fields," 
Phys. Rev. D 74 (2006) 105018; |arXiv:hep-th/0 609082|. 

[20] X. Bekaert, I. L. Buchbinder, A. Pashnev and M. Tsulaia, "On Higher Spin Theory: 
Strings, BRST, Dimensional Reductions", Class. Quant. Grav. 21 (2004) S1457; 
|arXiv:hep-th/0 3122"52 1 . 



23 



Appendix A 

The Euclidian AdSd+i metric 



ds = g^y{z)dz^dz'' = —^Sf^^dz'^dz'" (A.l) 

can be realized as an induced metric for the hypersphere defined by the following embed- 
ding procedure in d + 2 dimensional Minkowski space 



X^XVb = -X\ + Xl + Y.Xl = -1, (A.2) 

X_.(.)4(l + i±^), (A.3) 

Xo(.) = \{-- i±^tii) , (A.4) 

2 yzQ zq j 

X,{z) = ^. (A.5) 

Using these embedding rules we can identify the variable C,{z,w) as an SO{l^d + 1) 
invariant scalar product 



1 / "^ 

— 2zqwq + y^[ 



- X\z)Y^{w)r^AB = ^^ I 2z^w^ + }_^(^ -w)l\=C = u + l, (A.6) 

and therefore can be realized by cosh of a hyperbolic angle. Indeed we can introduce 
another embedding 

X^i{7], uj^) = coshr/, (A. 7) 

d 

X^{r],ujf,) =smhr]uj^ , X1^m = ^' ^^■^'> 

^l=o 

ds^ = drf + sinh^ 7] dVtd- (A. 9) 

In these coordinates the chordal distance u between an arbitrary point X'^ij], Vt^) and the 
pole of the hypersphere F^(?7 = 0,cc;^) is simply 

C = -X^Y^7]AB = COsh7]. (A.IO) 

Therefore the invariant measure is expressed as 

^/gdr]dQd = (sinh rjYdrjdfld = [u{u + 2)]^^ dudQ^i- (A.H) 
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So we see that the integration measure for d = 3{D = d+l=4) will cancel one order 
of u~"' in short distance singularities and we have to count the singularities starting from 
M~^ which is "logarithmically divergent" in standard QFT terminology. 

In this article we use the following rules and relations for u{z,z'), Iia, he and the 
bitensorial basis {/i}f=i 

au = {d+l){u+l), V^d,u = g^,{u + l), g'''d^ud,u = u{u + 2), (A.12) 

d^dy'uV^u = {u+ l)d^iu, d^di,iuV^d^iu = g^'^' + df^md^'U, (A. 13) 

V ^,dydy>uV^u = dyudy>u, V^di,d^>u = g^,yd^'U, (A. 14) 

ha7^Ila=u{u + 2), —-I^^—I,^ = {u+l)l2c, (A.15) 



^/2^/2 = u{u + 2)4, n,/3 = 2{d + 1)4 + 2c2m(m + 2), (A.17) 

^^TT-u^^ = (^ + l)^2c, ^^--72 = (rf + 2)(m + l)hc, Whd.u = h, (A.18) 

V^^/3 = 4/1/2, + 2{d + 2){u + l)clha, V^hd^u = 2{u + l)/2, (A.19) 

^—hd^U ={U + l)/2e, 7^/25^W = U{U + 2)/2„ T^A V^/i = hhc, (A.20) 

(9a^ <9o^ oa^ 

J—hV.h = he {{U + l)/l + h) + Clha, J^hV.h = heh, (A.21) 

^hV^h = 2{u + l)heh, V^hV^h = alll, ah = h, (A.22) 



V'hV^h = hh + al{u + l)ll,, ah = id + 2)h + 2{u + l)/i, (A.23) 

V^/2V^/2 = II + 2(iz + l)/i/2 + allliu + 1)2 + clll, (A.24) 

a^V^/i„ = a'(M + l), a'^V^/2c = /i, a^V^h=a'he, (A.25) 

a^V^/2 = a2(M + l)/2, + hah. . (A.26) 

Using these relations we can derive (F( := ■^Fk{u)) 
• Divergence map 

Vt-^^¥[F] = he'^'-'lDiv.F] + 0{cl), (A.27) 

{Div,F)k = {(i-k){u + l)Fl + {k + l)u{u + 2)F^+i 

+(£ -k){l + d + k)Fk + {k + l){l + d + k + l){u + l)Fk+i. (A.28) 
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Trace map 



n„M/^[F] = ll¥-'[TreF] + 0(4), (A.29) 

{TnF)k = {e-k){£-k- l)Fk + 2{k + l){£-k- l){u + l)Ffc+i 

+ {k + 2){k + l)u{u + 2)Fk+2- (A.30) 



Laplacian map 



n,^'[F] = ¥[LapeF] + 0{al, cj), (A.31) 

{LapeF)k = u{u + 2)F^' + {d+l + Ak){u + 1)F^ + [i + k{d + 2i~ k)]Fk 
+2{u + l){k + ifFk+i + 2{e-k + l)F^_i, (A.32) 

DFk{u) = u{u + 2)F'^ + {d+l){u + l)Fl. (A.33) 

• Gradient map 

(a ■ V)i^^[F] = ha^^'[GradiF] + 0{al), (A.34) 

{GradtF)k = Fl + {k + l)Fk+i. (A.35) 

At the end we present all important commutation relations working in the space of 
symmetric rank n tensors 

[(V9J, n]f''\z, a) = [2(aV)n„ -{d + 2n- 2)(V9„)] /(")(z, a); (A.36) 

[(V9«), (aV)]/("H^,«) = n/^"H^,«) + [Vm, (aV)]9„^/(")(^,a); (A.37) 

[V^, (aV)]9„^/(")(^, a) = [a^D, - n{d + n - 1)] /(")(^, a); (A.38) 

[n,(aV)]/(")(^,«) = [2a2(V9J - (rf + 2n)(aV)] /(")(^,«); (A.39) 

D, [aV^"H^, a)] = 2{d + 2n+ l)f''\z, a) + a^Uj^''\z, a). (A.40) 

Appendix B 

These two useful hypergeometric identities we learned from the book of H. Bateman and 
A. Erdelyi "Higher transcendental functions" V.l, McGraw-Hill Book company Inc. 1953. 

2Fi(a,6,c;z) = ^S^i^ ~ "! {-zY\F^{a, 1 - c + a, 1 - 5 + a; z'^) 
T[b)T[c — a) 

+ ^^|^f^(-^)-^Fi(a,l-c + 6,l-a + 6;z-i). (B.2) 
1 (o)i (c — a) 
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